Abstract: This paper provides universal upper bounds for the exponent of the kernel and of the cokernel of the classical Boardman homomorphism b n
Introduction and statement of the results
The classical Boardman homomorphism for a spectrum X is a homomorphism
This short paper provides a couple of results establishing very general approximations of the size of the kernel and of the cokernel of the Boardman homomorphism and of its generalizations. Proofs are presented in the next section. Similar results have been obtained in [4] for the stable Hurewicz homomorphism.
When X is an (m ¡ De¯nition 1.1. For j µ 0 let ½ j = 1, and for j ¶ 1 let ½ j be the exponent of the j-th homotopy group ¼ j S of the sphere spectrum S.
Notice that a prime number p divides ¹ ½ i if and only if p µ i + 3 2 .
The main theorem of the paper is the following:
The second purpose of this note is to generalize this theorem in several ways. First, notice that it is possible to de¯ne a Boardman homomorphism by replacing the ordinary cohomology by other cohomology theories. De¯nition 1.3. Let E be a connective (i.e., (¡ 1)-connected) ring spectrum with identity i : S ! E, and E ¤ (¡ ) the corresponding cohomology theory. For all integers n and for any spectrum X, the E-Boardman homomorphism b b
If E and X are¯nite spectra and if X is¯nite dimensional, we are able to produce universal bounds for the exponent of the kernel of b b n .
Theorem 1.4. Let E be a¯nite connective ring spectrum such that ¼ 0 (E) is in¯nite cyclic, E ¤ (¡ ) the corresponding cohomology theory, and assume that X is a¯nite (m¡ 1)-
One can also extend De¯nition 1.3 and Theorem 1.4 as follows (see [6] , p. 291).
De¯nition 1.5. Let E be a connective ring spectrum with identity i : S ! E, F any spectrum, and F ¤ (¡ ), respectively (E^F ) ¤ (¡ ), the cohomology theory associated with F , respectively with E^F . For all integers n and for any spectrum X , the (F and E^F )-
induced by i^id, where id denotes the identity of F .
Theorem 1.7. Let E be a¯nite connective ring spectrum such that ¼ 0 (E) is in¯nite cyclic, F a connective spectrum, and F ¤ (¡ ), respectively (E^F ) ¤ (¡ ), the cohomology theory associated with F , respectively with (E^F ). Furthermore, assume that X is ā nite (m ¡ 1)-connected d-dimensional spectrum. Then the (F and E^F )-Boardman
Remark. In the case where F is the sphere spectrum S, this gives the statement of Theorem 1.4, because ½ j (S) = ½ j according to Theorem 1.3 of [4] .
There is another way to generalize the de¯nition of the Boardman homomorphism and the assertion of Theorem 1.2. De¯nition 1.8. Let F be a connective spectrum and F ¤ (¡ ) the corresponding cohomology theory. For all integers n and for any spectrum X , the generalized F -Boardman
Remark. If F = S, the generalized S-Boardman homomorphism is exactly the classical Boardman homomorphism
In this case, we get universal bounds for the exponent of the cokernel of the homomorphism e b n , assuming that X is¯nite dimensional. 
It is actually possible to extend De¯nition 1.8 by constructing a family of generalized F -Boardman homomorphisms as follows. 
which is de¯ned as follows. The cohomological version of Lemma 4.2 of [2] implies that
is the spectrum with the property
, Section 2.2 of [5] , or Section 4 of [7] ). Then, for any integer t ¶ 0 with m ¡ n µ t µ d ¡ n, the homomorphism¸d ¡n;t :
Observe that e b n;0 = e b n .
The exponent of the cokernel of these homomorphisms is also universally bounded.
Theorem 1.11. Let F be a connective spectrum, F ¤ (¡ ) its associated cohomology theory, and X an (m ¡ 1)-connected spectrum of¯nite dimension d. Then the generalized
for any n µ d and for any t ¶ 0 with m ¡ n µ t µ d ¡ n.
Proofs
Since Theorem 1.2 is based on the arguments involved in the proofs of Theorems 1.4 and 1.9, we shall prove it at the end of this section.
Proof of Theorem 1.4. Since E and X are¯nite, we may conclude that
where E ¤ is the dual of E (see [1] , p. 195), and that the E-Boardman
induced by i ¤^i d, where i ¤ : E ¤ ! S is the dual of i : S ! E and id the identity X ! X . Observe that, according to the cohomological version of Lemma 4.1 of [2] ,
in which´is also induced by i ¤^i d : E ¤^X ! S^X , and where the vertical arrows are the homomorphisms introduced in Section 6 of [3] with the property that the composition ª
. This follows from the fact that the order ½ j (S) of the k-invariant k j+1 (S) of the sphere spectrum S is equal to the exponent ½ j Proof of Theorem 1.7. As above, the¯niteness of E and X implies that
and that
is induced by i ¤^i d : E ¤^X ! S^X. Then, let us use again the argument developed in the proof of Theorem 1.4 with the spectrum F instead of S and the integers ½ j (F ) instead of ½ j .
The proof of Theorem 1.9 is based on the next lemma, the proof of which is analogous to that of Lemma 3.3 of [4] .
Lemma. In the Atiyah-Hirzebruch spectral sequence E is killed by the product of the exponents of the groups E n¡t;t 2
for n ¡ d µ t µ ¡ 1, hence by the product ¹ ½ d¡n .
Proof of Theorem 1.11. By de¯nition of e b n;t and by Theorem 6.2 of [3] , there is a homomorphism £ n;t : H n+t (X; ¼ t F ) ! F n (X) such that the composition
is multiplication by the product (½ t (F )½ t+1 (F ) ¢ ¢ ¢ ½ d¡n (F )) on H n+t (X ; ¼ t F ). This provides the assertion of Theorem 1.11.
